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Incompressible Irrotational Axisymmetric Flow about
a Body of Revolution: The Inverse Problem

M. Fouad Zedan* and Charles Dalton}
University of Houston, Houston, Texas

The flow of an incompressible fluid past an axisymmetric shape is considered in the form of the ‘‘inverse
problem’’ in hydrodynamics. For a given pressure or velocity distribution, the appropriate body shape is
determined iteratively. The method of line sources and sinks is used to represent the body shape. The procedure
is simple and accurate and convergence is more rapid than that obtained by other investigators using surface-
source distributions. Examples chosen to represent the method include spheres, Rankine bodies, a constant
velocity body, and an airfoil-shape axisymmetric body. Results compare very well with exact solutions and with

calculated results of others when comparison is possible.

1. Introduction

N the design of optimum aerodynamic shapes for in-

compressible flow, minimization of the drag is an
important requirement. If no separation occurs, most of the
drag is caused by skin friction. The skin friction is computed
from the boundary-layer solution, which is determined from
the velocity distribution outside the boundary layer. Previous
studies have shown that the external flow velocity distribution
is close to that predicted by potential flow provided that no
separation occurs.

In potential flow there are two basic approaches to body
shape design; these are known as the “‘direct problem’’ and
the ‘‘inverse problem.”” In the direct problem, the body
geometry is prescribed, whereas the flowfield is required. For
the inverse problem, the objective is to determine the body
geometry corresponding to a given surface distribution of
velocity or pressure. The solution of the direct problem
generally is easier than the inverse problem. The direct
problem can be considered to be completely solved even for
complicated three-dimensional bodies and flow situations, as
will be shown in Sec. II. As for the inverse problem; some
success was achieved in two-dimensional flow because of the
availability of complex variables and conformal mapping
techniques, whereas no successful method was available in
three-dimensional flow, except a method developed recently
by Bristow.! Although the method is limited to axisymmetric
flow, it is tedious and requires lengthy calculations.

Clearly, the inverse problem is much more desirable in
designing optimum aerodynamic shapes, since one can input a
velocity distribution that is known to have desirable features
(noncavitating, nonseparating, low drag...etc.), and then
obtain the corresponding body. This means tremendous
saving in time and effort as compared to solving the direct
problem for a number of shapes, and choosing the one that
provides the desired features.

In this paper, a method for solving the inverse problem in
axisymmetric flow is presented. The method is simple, fast,
and yet still accurate enough for most practical purposes, as
shown by the numerous test cases.
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II. Previous Studies

The direct problem has been treated by numerous studies
for a wide variety of body shapes, including complicated
three-dimensional bodies. von Karman? offered one of the
earliest treatments. He considered a uniform flow combined
with an axial distribution of line sources and sinks to compute
the velocity and pressure distributions for a given body shape.
Oberkampf and Watson® made a comprehensive study of the
von Karman approach and found that it produces a nearly ill-
conditioned system of simultaneous equations. The method
also was found to be sensitive to the number of elements used,
the fineness ratio, and the regularity of the body shape.
Results were presented for bodies of fineness ratios of 4 and

10.
Smith and Pierce* treated the direct problem in terms of

surface-distributed singularities. The surface distributions
lead to a Fredholm integral equation of the second kind,
which can be represented by a system of linear algebraic
equations. This approach has had numerous extensions, most
notably by workers at the McDonnell-Douglas Corporation.
Hess and Smith® and Hess®® have made considerable ad-
vances in improving the accuracy and extending the
capabilities of the method. They extended the earlier work of
Smith and Pierce to three-dimensional bodies of arbitrary
shape. The primary purpose of these extensions was for
aircraft design, although the techniques certainly are ap-
plicable to any submerged body.

Parsons, Goodson, and Goldschmied'® used the Douglas-
Neumann method, together with a boundary-layer-drag
calculation scheme, for shaping axisymmetric bodies for
minimum drag. They represented hull shapes in terms of eight
parameters. By use of a computer-oriented optimization
procedure, they were able to find a body shape that produced
a drag coefficient one-third less than the best previously
available laminar flow design. Since the body shapes were
prescribed in advance, the method was based on the solution
of the direct problem. Grodtkjaer'! and Webster 2 also have
used the surface-source approach in describing solutions to
the direct problem. Grodtkjaer computed velocity
distributions for ellipsoids of revolution and obtained ex-
cellent comparisons to results of Hess and Smith® and to
existing and analytical solutions. Webster extended the
method of Hess and Smith by using triangular surface
elements and letting the source strength vary linearly across
the element. He produced results that converged more rapidly
and with better accuracy than the Douglas program.

The inverse problem has received much less attention in the
literature in comparison to the direct problem. Solutions to
the inverse problem are admittedly of a crude nature. It is not
known in advance whether a given pressure distribution
uniquely determines a body shape.
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The first approach to the determination of a body shape to
meet a prescribed velocity or pressure distributions was by
Young and Owen (see Thwaites '*). They used a perturbation
velocity approach; their work later was found to be related to
the slender body approximation, and thus did not hold for
low fineness ratios; nor did it work well at the leading and
trailing edges. McNown and Hsu'* later developed essentially
the same inverse method, and their results showed the same
tendencies as those of Young and Owen. Marshall ' presents
the inverse problem as the ‘‘design problem in
hydrodynamics.”” He defines a ‘‘development problem’’ as
one in which a slight known change in surface pressure
distribution produces a to-be-determined slight change in
body shape. This development problem is a step or a sub-
problem in the design problem. A perturbation technique was
used to transform the free boundary problem into a well-
posed problem, which was solved numerically, using
techniques of the Douglas program. The procedure is
necessarily iterative. Marshall applied his technique to two
ellipsoids of revolution of slightly different thickness ratios
(0.968 and 0.971). With 77-point subdivision of the x axis, the
maximum error in calculated body shape reached 15% for the
nose and tail regions, whereas, for the remainder of the body,
the error amounted to less than 2%.

Bristow! treated the inverse problem using the Douglas
program. An iterative method was developed in which the
body geometry is updated such that the mean-square dif-
ference between the prescribed and calculated velocity
distributions is minimized. The procedure is not strongly
dependent on the starting body geometry, and convergence
was attained usually after 5 to 10 iterations. Bristow’s ap-
proach probably is the most comprehensive and accurate
treatment to date of the inverse problem. However, the
procedure is based on an approximate, but complex,
relationship between the velocity perturbations and geometry
perturbations. Bristow presented results for three cases and
obtained excellent agreement, either between calculated and
exact geometries or between prescribed and calculated
velocity distributions. Ten iterations were necessary to obtain
such excellent results.

III. Mathematical Description

The present method for solving the inverse problem is based
on the idea of axial source distribution, which has been
presented by several authors, e.g., Robertson!® and
Karamcheti.!” Figure 1 shows the basic arrangement of line
source and sink elements, combined with a uniform flow to
produce the body of revolution. The relation between the
coordinates £,  and x, ris given by £ =x—x; and y =r, where
x; is the leading edge coordinate of the jth element. The
stream function, due to an element / at an arbitrary point £, »,
is given by (see Eskinazi®)

Vi) =(m/4n) [N(E—0) 2 +97 =V (E2+97) ]

This can be written in the coordinate system Xx, r as follows:

Y (or) = (m/dm) [N (x=x; =) 2 +r7 =~ (x=x;) 2 +r?]
(1
The velocity components in x and 7 directions are given by
u=(1/r)(ay/or)
and
v=—(1/r)(0y/dx)
This gives the following expressions for # and v at an ar-
bitrary point (x,r) dueto an element j,

_m ! - ! 2
”j(x’r)_47r [\/(x—xj—l’j)2+r2 \/(x—xj)2+r2] @
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and

v, (xr) = ""f[ x=x —4) XX ] 3)
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The stream function and velocity components at a control
point i, due to an element j of unit strength, are

4 1
%.:Zr[\/(xi——xj—fj)z+r,-2—\/(x,-—xj)2+r,-2] “@

a—i[ ! — ! ] )
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=1 (x,—xj—l’j) _ (x;—x;)
Uij—47rri[\/(x,-—xj—t’j~)2+r,2 x/(x,-—xj)2+r,-2:| ©)

Superposing the stream function and velocities of the
uniform flow to those of the source-sink distribution, the
total flowfield at a control point i is obtained:

Ne

Y= Z;mj¢y+umr,2/z (7
=
Ne

u;,= m;u;+ U, 8)
j=1
N?

v= ), m;vy, )

“.
Il
—

where N, is the number of elements.

The direct problem was solved by von Karman? by
equating ¥, to zero at a number of control points equal to the
number of elements. Solution of the resulting system of linear
equations yields the strength m; of each element.

1V. The Inverse Problem

The inverse problem may be treated as follows: Given the
surface velocity distribution Q; =g,/ U,, at a number of points
along the body axis, find the contour points R; =r,/L which
define the body shape. The solution of such a problem has
been achieved by using the tangency condition together with
Eqgs. (7-9), which usually are used to solve the direct problem.
Of course the tangency condition [dr/dx=v/u] and the
equation ¥ =0 on the body surface are equivalent; however,
the use of both of them through the strategy discussed in the
following enabled us to develop the iterative scheme to find
the body geometry.

Method of Solution

The present method starts with an initial guess of the body
geometry. This initial guess can be very crude. First, the
velocity component u; is calculated from the given ‘total
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velocity distribution g; by applying the tangency condition
(i.e., the total velocity is everywhere tangential to body
surface) to the starting geometry. With the starting geometry,
the matrices ﬁ,j, and ¢, can be constructed; then the
system of Eqs. (8) is solved for the source intensities m;. An
improved geometry then can be obtained by solving Eq 7
for r; with the values of m; just obtained, and with ¥, =0 on
the body surface. This new contour replaces the initial guess,
and the same computational sequence is repeated until
convergence is obtained.

Numerical Scheme

The governing equations are first put into dimensionless
form; Eqs. (7-9) become

N(’
L M,0,;=U;~1 (10)
j=1
Ne
LM7=v, (1)
j=1
and
R=VNV -2y MV, (12)
J=1
with
My=m/U,L  U;=a,l V,=i,L
R,=r/L v, =V,/L U=u,/U,

In order to apply the tangency condition, one needs to
determine the slopes of the contour at point i. A parabola is
passed through the point i, and the two adjacent points, [ —1
and i+ 1. By use of Lagrange’s method, the slope at point / is

(Xi_Xi+1)
(Xi—l _Xl) (Xifl_Xl#l)

S;=R,_,;

CXi=Xi_ = X))

X=X ) (X=X, )
(X, =Xi_))

(KXo =X ) Xy — X))

+R

VR, (13)

where X, =x;/L.
The numerical scheme is described as follows:
1. Assume a starting body geometry,

R;:f(X,')

(An ellipsoid of arbitrary thickness proved to be a good
starting shape.)

2. The slope S; of the profile is calculated at each control
point i using Eq. (13).

3. The axial velocity component U, is calculated by ap-
plying the tangency condition, and using the slopes deter-
mined in the previous step and the prescribed velocity
distribution Q;:

U= \/% (14)

4. The three matrices ‘I/j UU, V,j, which are functions of
the geometry of the profile, are evaluated.

5. With the values of U, determined in step 3, and U
determined in step 4, Egs. (10) are solved for the values of the
source intensities M.

6. With the values of M; determined in step 5, and \P,-l in
step 4, the new body coordinates R; are calculated using Eq.
(12).
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7. Steps 2-6 now are repeated with the new R, values until
convergence is obtained.

Convergence Criteria

There are three possible criteria by which convergence may
be judged:

1. When the rms value of the difference between the body
coordinates R; in two successive iterations

N,
1
rms)R:\/ﬁe 2 (R kD — R, (k2 (15)
i=1

is less than a small quantity ¢,.
2. When the calculated velocity distribution is essentially
the prescribed one. The magnitude of the total velocity is

Qi,ca]c =N U12+ V12 (16)

where U, is obtained from Eq. (14) and V; from Eq. (11). The
difference between the prescribed and calculated velocity
distributions may be represented by

rms)Q=[ E (O carc — ,msc)z]% 17)

81‘

When rms), <¢,, the solution can be considered to have
converged.

3. When the ratio V;/U; compares favorably to the slope
of the contour S, the solution is accepted. The velocities V;
and U, are obtained as described in Criterion 2.

Application of these three convergence criteria to a number
of test cases indicated that Criterion 2 is the best. Criterion 1
should not be applied alone, since it produced acceptable
body shapes that were different from the exact profiles. This
happened in some test cases when a small number of elements
was used, or when the convergence was slow. Criterion 3
proved to be a good one, except near the nose and tail, where
there is more uncertainty in the calculated slopes. However,
this criterion gave a good view of how the calculated geometry
is compatible with the tangency condition in each iteration.
The values of ¢, and ¢, used, in most cases, were 0.001 and
0.03.

Comments on the Numerical Scheme

. Double precession calculations were used in the for-
matlon of the matrices U, ¥, and ¥,
2. The system of linear equatlons in each iteration was
solved by Gaussian elimination with scaling and pivoting.

3. Elements of equal sizes were used,
6= (x,-x,)/N,=const

where x, is the point at which the distribution starts, x, is
where it ends, and N, is the number of elements included (see
Fig. 1). The number of elements necessary for accurate
solutions ranged from 18 for a sphere to 44 for bodies of
fineness ratio 10.

4. The control points on the body contour were chosen at
an x value corresponding to the middle of each element. This
excluded the leading and trailing edges as control points.

5. In order to have a closed profile, the net efflux of
sources and sinks should be zero,

Z

€

Y M=o (18)

j=1

Since Eq. (18) represents a strong requirement, it was used
instead of one of the equations in the system (10). It usually
replaced the equation corresponding to a control point in the
middle of the profile. It was found that inclusion of Eq. (18)
improved the condition of the matrix substantially. Adding
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Eq. (18) to each equation removed the diagonal zeros of the
matrix U,-j. The use of Eq. (18) reduced the errors in the
solution of equations to an order of 10 -8,

6. In step 3 of the numerical scheme, V; could have been
calculated instead of U;:

V,=S,0;/N1+8§? 19)

and in step 5, M; would be obtained by solving Egs. (11). This
variation was attempted, and convergence was found to be
slow compared to the stated procedure. A second variation
was to alternate the solution procedure between the U, and V;
calculations in successive iteration rounds. This variation
produced convergence, but also was at a slower rate than the
preferréd procedure, i.e., using U, equations only to deter-
mine M.

7. Since the leading and trailing edges of the body were
excluded as control points, the starting and ending points of
the singularity distributions x, and x, were taken as the
leading and trailing stagnation points, respectively, i.e., x, =0
and x,=L. This choice is made so that the control points
cover the entire contour. Oberkampf and Watson? used the
same selection. In several cases, we offset x, and x, from the
stagnation points (x, =0.02L and x, =0.98L). The effect of
these values on the results was negligible.

8. The solution of the inverse problem presented in this
paper was relatively more successful as compared to the
solution of the direct problem using the same concept of axial
source/sink distribution. This is because, in solving the direct
problem, the source strengths are obtained by solving the
system of Eqs. (7) with ¢; =0 on the body surface. In solving
the inverse problem, such strengths are obtained by solving a
different system of equations, given here by Eq. (8).

As for the direct problem, our numerical experiments for
the case of a sphere showed that the matrix 1},/ is ill-
conditioned in general. Moreover, evaluation of the matrix
elements involve subtraction of nearly equal quantities
(V(x;=x;— )7 +r;? and vV (x; —x;) ? +r;? become very close
as the f; becomes smaller, i.e., the number of elements
becomes larger). This introduces round-off error, which may
cause the solution of the ill-conditioned system to blow up.
The relative round-off error in the evaluation of the elements
can be minimized by scaling the body coordinates by a small
reference length. The element length seems to be a good
choice (von Karman? and Oberkampf and Watson?) since it
decreases as the number of elements increase. Qur numerical
experiments showed that, with double-precision calculations
on the Univac 1108, the solution blows up for N, =12 when
normalizing by the body length. On the other hand, when
normalizing by the element length, the solution was possible
for a number of elements of 20.

For the inverse problem, the matrix #; is equal to
the difference between the reciprocals of the terms of ;.
Thus, in order to reduce the round-off error in subtraction,
one has to use a large reference length for normalization. By

doing so, the numerical value of 1/v (x; —x; —€)?+r? and
1/ (x; —x;) 2 +r? isincreased.

We used the body length for normalization, and results
were quite good. Recently, we carried out a numerical ex-
periment using the element length for scaling instead of L; the
solution always blows up and divergence occurs early in the
iteration procedure. Also based on our numerical ex-
periments, we can say that the solution of the system (8) (the
inverse problem), when coordinates are scaled by L, is more
stable than system (7) (the direct problem) when coordinates
are scaled by the element length .

V. Test Cases
The algorithm described in Sec. IV has been programmed

on the Univac 1108 digital computer. Several example
problems have been selected to illustrate the method.
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Case 1 - Flow around a Sphere

The velocity distribution for potential flow around a sphere
is given by

Q;=3/2 sinf

or

Q,=3VX(1-X)

where X is measured from the nose along the axis of sym-
metry. With this velocity distribution, the computations were
performed for two different numbers of elements, 12 and 18.
As was stated earlier, convergence was better for the larger
number. The discussion from here on for the sphere results
will refer to the 18 element case. Figure 2 shows the initial
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Fig. 5 Velocity distributions for a Rankine body of fineness ratio 2.

O CALCULATED VELOCITY
—PRESCRIBED VELOCITY

~-0~— COMPUTED BODY AT |TERATION 4.

0§ EXACT RANKINE BODY (F. R=10)
oaf
o2f 10

00
00 oif 02 03 04 0S5 06 07 08 09 10
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fineness ratio 10.

o i
1.4 O CALCULATED VELOCITY
— PRESCRIBED VELOCITY
12+ 1
——TyO0C o000 00T OC-0000O0o0C D00 000000
=) Opg
10 1
a __] =]
Q
0.8t 1
0.6F 1
0.4t g » 1
o
—.——COMPUTED CONSTANT VELOCITY BODY (BRISTOW)S
0.2 ——0—COMPUTED CONSTANT VELOCITY BODY (PRESENT) HO
05 R
0. 1 1 1 1 1. 1 1 1 1 oo
00 Ol 02 03 04 05 06 07 08 09 10

X
Fig. 7 Body profiles and velocity distributions for a constant velocity
body.

(assumed) profile and the profiles at the various iteration
levels. Convergence on the body shape was attained in five
iterations. The converged geometry agrees very well with the
spherical shape. A comparison between the computed velocity
distribution of the converged geometry and the prescribed
velocity distribution is shown in Fig. 3. Agreement between
velocities is quite good except near the stagnation points. The
inaccuracy near these points is due to the uncertainty in the
computation of the slope.

Case 2 — Flow around an Axisymmetric Rankine Body

Axisymmetric Rankine bodies of fineness ratios 2, 4, and 10
were considered as a test of the method. The coordinates of
the body necessary for comparison were obtained by solving
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Fig. 8 Body profiles and velocity distributions for an axisymmetric
airfoil of fineness ratio 2.91.
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Fig. 9 Body profiles and velocity distributions for an axisymmetric
airfoil of fineness ratio 4.46.

the analytic nonlinear body profile (see Eskinazi!®) by means
of the Newton-Raphson method. The velocity input was the
exact velocity distribution for each fineness ratio. The initial
body shape was taken to be an ellipsoid. The number of
elements necessary for accurate solutions in each case was 28,
44, and 44, respectively. The number of iterations necessary
for convergence was 4 in all cases.

Figure 4 shows the initial profile and the profiles at the
various iterations for a fineness ratio of 2. Figure 5 shows
comparison between the calculated and prescribed velocity
distributions. Again, agreement is excellent except near the
stagnation points for reasons stated in the sphere discussion.
For a fineness ratio of 10, results are shown in Fig. 6. The
agreement between computed and exact profiles and velocities
is not as good as for a fineness ratio of 2, but is still quite
good. For a fineness ratio of 4, the comparisons also were
excellent, but are not presented graphically.

Case 3 — Constant Velocity Body

The challenging problem of a constant velocity body was
the next case attempted to demonstrate our solution to the
inverse problem. A velocity distribution of U/U, =1.15 was
chosen since Bristow! used this same value for a constant
velocity body calculation. Figure 7 shows the results of the
present method compared to the results of Bristow. Over
about 80% of the body length, excellent agreement between
prescribed and calculated velocities is noted. Very close to the
nose or tail, the differences in velocity are not negligible. Our
method produces an overshoot in the velocity close to the
nose. Bristow also had the problem of high velocity near the
nose and the tail of the body. He overcame this difficulty by
modifying the converged geometry to obtain a flat disk nose
and tail necessary for sudden change in velocity at these two
locations. The flat disk nose and tail then were reduced in size
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in order to obtain agreement between prescribed and
calculated velocities. No such alterations were attempted
using our approach; we still obtained fair agreement with
Bristow’s results, except at points very near the nose and tail.
Our calculations were done using 44 elements.

Case 4 — Axisymmetric Airfoil-Type Shape

An axisymmetric airfoil-type shape may be obtained by
combining a uniform flow, a point source, and a line sink
(Robertson '9). The exact velocity distribution for such a body
with fineness ratio of 2.91 was calculated, and input to the
program and results are shown in Fig. 8. Excellent agreement
between the exact and computed body shapes was obtained by
using 36 elements. The computed and the prescribed velocity
distributions also are noted to be in excellent agreement.
Results also were obtained for a body of fineness ratio 4.46.
With 44 elements, very good agreement also was obtained, as
shown in Fig. 9.

VI. Possible Extensions

The first of several different variations would be to improve
the accuracy of the method by means of a linear variation of
the source (or sink) strength over the element. Another ap-
proach to improving the accuracy of the method would be in
terms of a continuous distribution of sources and sinks over
the axis of the body. In this latter case, no elements would be
used; the distribution is represented by a polynomial or
Fourier series, with a number of unknown coefficients to be
determined by use of the given velocity distribution. Either of
the two approaches should allow the computation time to be
cut substantially and the accuracy to be improved. Further
investigation on these two improvements is currently under
consideration.

VII. Conclusions

An algorithm that is simple, concise, fast, and accurate has
been developed to solve the inverse problem in
hydrodynamics. The method is iterative, and is based on
representing bodies of revolution in axisymmetric flow by a
distribution of line sources and sinks along the axis with
possible inclusion of a point source or sink. The iterative
scheme was made possible by the use of two equivalent
conditions using a certain strategy: the tangency condition in
the form dr/dx=wv/u, and the condition ¥ =0 on the body
surface. Rapid convergence was obtained for all examples
considered; four to five iterations were sufficient to provide
accurate solutions. The use of the closure condition to replace
one equation of the system of linear equations [Eq. (10)]
improved the conditioning of the coefficient matrix. Com-
parison was made to the method of Bristow when possible.
The present method converged in fewer iterations with a much
more simple computational procedure in each iteration.
However, our method cannot deal with bodies of irregular
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surfaces. The algorithm outlined in this paper should be of
inestimable value in the computation of low drag shapes such
as torpedoes, submarines, airships, and other axisymmetric,
fully submerged bodies.
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Announcement: 1977 Author and Subject Index

The indexes of the five AIAA archive journals (47AA Journal, Journal of Aircraft, Journal of Energy, Journal
of Hydronautics, Journal of Spacecraft and Rockets) will be combined and mailed separately early in 1978. In
addition, papers appearing in volumes of the Progress in Astronautics and Aeronautics book series published in
1977 will be included. Librarians will receive one copy of the index for each subscription which they have. Any
AIAA member who subscribes to one or more Journals will receive one index. Additional copies may be purchased
by anyone, at $10 per copy, from the Circulation Department, AIAA, Room 730, 1290 Avenue of the Americas,
New York, New York 10019. Remittance must accompany the order.
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